Abstract. Let D > 546 be the discriminant of an indefinite rational quaternion algebra. We show that there are infinitely many imaginary quadratic fields l/Q such that the twist of the Shimura curve X D by the main AtkinLehner involution w D and l/Q violates the Hasse Principle over Q.
Introduction
For a number field k, we denote by A k the adele ring of k.
Let l/k be a quadratic field extension, let V /k be a smooth, projective, geometrically integral variety, and let ι /k be an involution of V . We denote by T (V, ι, l/k) the quadratic twist of V by ι and the quadratic extension l/k. We view V /k itself as the "trivial quadratic twist" of V /k corresponding to the "trivial quadratic extension k/k". This convention may seem a bit strange at first, but it turns out to be natural: e.g. it makes "is a quadratic twist" into an equivalence relation on varieties V /k . We denote by V /ι the quotient under the action of the group {1, ι}.
For a curve X /Q and a Q-rational involution ι, if P is a property of algebraic curves C /Q , then, inspired by terminology of [MR10, §1.1] we say many quadratic twists of (X, ι) have property P if there is α ≥ 0 such that as X → ∞ we have #{squarefree d with |d| ≤ X | T (X, ι, Q( √ d)/Q) has property P} ≫ X log α X .
Let D > 1 be a squarefree integer which is a product of an even number of primes. Let B/Q be the (unique, up to isomorphism) nonsplit indefinite quaternion algebra with reduced discriminant D. Let (X D ) /Q be the associated Shimura curve, and let w D be the main Atkin-Lehner involution of (X D ) /Q (see e.g. [Cl03, § 0.3.1]). In this note we provide a complement to prior work of the first author [Cl08] , [Cl09] , [ClXX] using prior work of the second author [St14] . Here is our main result. Let us provide some context. It is a fundamental problem to find projective varieties V defined over a number field k which violate the Hasse Principle -i.e., V (k) = ∅, while for every completion k v of k we have V (k v ) = ∅ (equivalently, V (A k ) = ∅). It is also desirable to understand when these violations are explained by the Brauer-Manin obstruction, as is conjectured to hold whenever V is a curve [Po06, 
Here we give a further variant of the Twist Anti-Hasse Principle in which the hypothesis X(A k ) = ∅ is weakened to: T (X, ι, l/k)(A k ) = ∅ for some quadratic extension l/Q. This is a quick consequence of [ClXX, Thm. 1]. To apply our new criterion we need to know that some Atkin-Lehner twist of X D /Q has points everywhere locally. Certainly this is often true: whenever the corresponding quaternion algebra B/Q is split by some class number one imaginary quadratic field l with discriminant prime to D, then T (X D , w D , l/Q) has a Q-rational CM point [Cl03, Prop. 65b)]. That it is true for all D lies deeper and makes use of the results of [St14] .
We give the proof of Theorem 1 in §2. Let 
Then: a) For all but finitely many quadratic extensions l/k, the twisted curve T (X, ι, l/k) /k has no k-rational points. b) There are infinitely many quadratic extensions l/k such that the twisted curve T (X, ι, l/k) violates the Hasse Principle over k.
Let l/k be a quadratic extension, and put Let Y = T (X, ι, l/k). Then ι defines a k-rational involution on Y : indeed, Y /l ∼ = X /l , and if σ is the nontrivial field automorphism of l/k, then σ acts on Y (l) = X(l) by σ * P = ι(σ(P )), so for all P ∈ Y (A) and for all k-algebras A we have
The curve Y /ι is canonically isomorphic to X/ι. Thus for each quadratic extension l/k -including the trivial quadratic extension k/k -there is a map
We have
] is an effective k-rational divisor of degree 2. If Q 1 = Q 2 , then Q 1 is a k-rational ι-fixed point. In this case Q 1 is also a k-rational point of T (X, ι, l/k) for all quadratic extensions l/k. Otherwise, Q 1 = Q 2 = ι(Q 1 ), and the Galois action on {Q 1 , Q 2 } determines a unique quadratic extension l/k (possibly the trivial one) such that Q 1 , Q 2 ∈ T (X, ι, l/k). This shows (1) and also shows that under our hypothesis (i) the union in (1) is disjoint. a) For this part we need only assume hypotheses (i) and (iv). Let (X/ι)(k) = {P 1 , . . . , P n }. By hypothesis (i), each P i is either of the form ψ(Q) for Q ∈ X(k) or ψ ℓi (Q) for a unique quadratic extension l i /k. Thus there are at most n quadratic
induces bijections on the sets of ι-fixed points and of k-rational ι-fixed points, so conditions (i) and (ii) hold for Y . By our assumption, hypothesis (iii ′ ) holds for Y . And as above we have a canonical isomorphism (X/ι) → (Y /ι). So we may apply [ClXX, Thm. 1] to Y in place of X, getting the conclusion that infinitely many quadratic twists of (Y, ι) -equivalently, of (X, ι) -violate the Hasse Principle over k. c) Similarly, if k = Q and we replace (iii) by (iii ′ ) X(A Q ) = ∅, then we may apply [Cl08, Thm. 2] to get that the set of prime numbers p such that
violates the Hasse Principle has positive density, and thus that the number of quadratic twists by squarefree d with |d| ≤ X is ≫ X log X . This conclusion applies to some quadratic twist Y = T (X, ι, Q( √ d 0 )/Q) and thus it also applies (with a different value of the suppressed constant) to X. Table III ]. All of these elliptic curves have rank one.
Preliminaries on Shimura Curves
Theorem 4. a) (Shimura [Sh75]) We have X D (R) = ∅. b) (Clark [Cl03, Main Theorem 2]) We have (X D /w D )(A Q ) = ∅. Corollary 5. Let d ∈ Q × \Q ×2 , and let Y = T (X D , w D , Q( √ d)/Q). Then Y (R) = ∅ ⇐⇒ d > 0. Proof. If d > 0, then Y ∼ =R X D , so Y (R) = ∅. By Theorem 4b), there is P ∈ (X D /w D )(R). Let q : X D → X D /w D be the quotient map, defined over R. Because X D (R) = ∅, the fiber of q consists of a pair of C-conjugate C-valued points, say Q and Q = ι(Q). Thus Q = ι(Q), so Q ∈ Y (R). Recall that for d ∈ Z <0 , there is an order O of discriminant d in a quadratic field iff d ≡ 0, 1 (mod 4). If d ≡ 2, 3 (mod 4) we put h ′ (d) = 0. If d ≡ 0, 1 (mod 4) we define h ′ (d) = # Pic O, the class number of the quadratic order O of discriminant d. Lemma 6. Let D > 1 be the discriminant of an indefinite quaternion algebra B /Q . a) The set {P ∈ X D (Q) | w D (P ) = P } is empty. b) We have #{P ∈ X D (Q) | w D (P ) = P } = h ′ (−D) + h ′ (−4D) > 0. c) The genus of X D is (2) g D := 1 + ϕ(D) 12 − p|D Ä 1 − Ä −4 p ää 4 − p|D Ä 1 − Ä −3 p ää 3 . d) The genus of X D /w D is (3) 1 + ϕ(D) 24 − p|D Ä 1 − Ä −4 p ää 8 − p|D Ä 1 − Ä −3 p ää 6 − h ′ (−D) + h ′ (−4D) 4 .
Proof. a) This is immediate from Theorem 4a
1 This establishes part a).
Proof of the Main Theorem
Let D be the discriminant of a nonsplit indefinite rational quaternion algebra. Assume moreover that D does not appear in Lemma 7 a) or b); in particular this holds for all D > 546. We will prove Theorem 1 by verifying that the pair (X D
Henceforth we assume that d < 0.
Let g be the genus of X D , and put
For n ∈ Z + , let ω(n) be the number of distinct prime divisors of n. Put
Let S D be the set of prime numbers ℓ satisfying: 
i=1 q i with q 1 , . . . , q 2a−1 distinct odd primes. Then:
We claim that for all d ∈ η D we have Y d (A Q ) = ∅. Indeed:
• By [St14, Thm. 4. 
Analytic Results
Our proof of Theorem 1 made use of Theorem 3, and thus as soon as we found a single quadratic twist of (X D , w D ) with points everywhere locally, Theorem 3c) tells us that we have ≫ X log X quadratic twists up to X violating the Hasse Principle. But we did not just produce a single such twist but rather a family η D of twists which, as we shall now see, has larger size than the X log X guaranteed by Theorem 3c).
violates the Hasse Principle}, and for X ≥ 1, put 
For n ∈ Z + , let ω(n) be the number of distinct prime factors of n. Put
By the Prime Number Theorem in Arithmetic Progressions, as X → ∞ we have
which is aleady a little sharper than what we got by appealing to Theorem 3c). In this section we will establish the following improved estimates. 
b) Let h D be the class number of the field Q( √ −D). As X → ∞ we have
Thus for each D > 546, as X → ∞ there are many more quadratic twists of (X D , w D ) up to X violating the Hasse Principle than prime numbers, but the set of such twists has zero asymptotic density.
For an imaginary quadratic discriminant ∆, let H ∆ (X) be the Hilbert class polynomial [Co89, p. 285 
So to get p < 4g 2 D it will suffice to show that
Case 1: Suppose ω(D) = 2, so D = pq for prime numbers p < q. For all q > 66,
so (6) and thus for all p | D we have
If ω(D) ≥ 4 and β(D) ≤ 49 then D = p 1 p 2 p 3 p 4 for primes p 1 < p 2 < p 3 < p 4 < 101. Using the genus formula we find that p 4 < 4g 2 D in all cases. Thus for D / ∈ E, η D is the set of squarefree negative d ∈ Z with an odd number of prime divisors all in S D such that all primes less than 4g
Proof of Theorem 8a)
Suppose D / ∈ E = {6, 10, 14, 15, 21, 22, 33, 34, 38, 46, 58, 82, 94}.
Let I be the product of the primes less than 4g 
We let
where χ runs over the modI Dirichlet characters. Here a n = 1 if and only if −n ≡ u i mod I for some i, n (and thus −n) is squarefree with an odd number of prime factors, and each prime dividing n is congruent to some v j . That is, a n is the indicator function for −η D .
Consider the function f (s) = n a n n −s , holomorphic on ℜ(s) > 1. Note that the a n are not necessarily multiplicative. We however reduce to this case as we write the Dirichlet series f k,χ (s) = n≥0 b n µ k (n)χ(n)n −s , again converging in the half-plane ℜ(s) > 1. We therefore have
We begin by showing that with the exception of (k, χ) = (2, 1), these are in fact holomorphic in the region ℜ(s) ≥ 1.
Consider
where β k,χ (s) is holomorphic on ℜ(s) > 1/2. Now use the fact that
where ρ k,χ is holomorphic for ℜ(s) > 1/2. It follows that zero-free regions for L-functions of Dirichlet characters give zerofree regions for the f j,χ and thus holomorphic regions for f . In particular, if ǫ is a Dirichlet character and δ ǫ = 1 for ǫ = 1 (the trivial character) and zero otherwise then there are positive numbers A ǫ , B ǫ such that log(L(s, ǫ)) − δ ǫ log(1/(s − 1)) is holomorphic on ℜ(s) ≥ 1 − B ǫ / log Aǫ (2 + |ℑ(s)|) [Se76, Proposition 1.7]. Now we note that since (I, 8D) = 1, χψ = 1 if and only if χ = 1 and ψ = 1. Therefore by exponentiating, we find a holomorphic, nonzero function g k,χ on the same region in C such that
Thus there is a function g holomorphic on the intersection of the A ǫ , B ǫ regions
. Finally, we may apply the method of Serre and
Watson [Se76, Théorème 2.8] to get our asymptotic for n≤X a n = #η D (X).
Proof of Theorem 8b)
We define a set S ′ D of primes, as follows:
= 1 and H −4D (X) has a root modulo ℓ.
• If D ≡ 3 (mod 4), the ℓ ∈ S Step 1: We show that S ′ D is a Chebotarev set of density Step 2: Since S D is a Chebotarev set of density 1 2 e D that is disjoint from S ′ D and {prime divisors of 2D} is finite, it follows that C D is a Chebotarev set of density
Let D ′ D be the set of n ∈ Z + with all prime divisors lying in C D , and for
Step 3: By the genus theory of binary quadratic forms [Co89, Prop.
Final Remarks
Most results on Shimura curves violating the Hasse Principle concentrate on the case of finding number fields k such that (X D ) /k violates the Hasse Principle. Since X D (R) = ∅, such a k cannot have a real place, and thus the case of an imaginary quadratic field is in a certain sense minimal. Here is such a result. As in [Cl09] , for a curve X over a field k, we denote by m(X) the least degree of a closed point on X. For a curve X defined over a number field k, we put
the supremum extending over all places of K. Then condition (iii) in Theorem 11 can be restated as m loc (X) ≤ 2. For a curve equipped with an involution defined over a number field (X, ι) /k , consider the following local hypotheses:
Clearly (L1) =⇒ (L2) =⇒ (L3). Whereas Theorem 11 uses the weakest condition (L3) to get Hasse Principle violations over quadratic extensions l/k, Theorem 2 Harris-Silverman state their result under the hypothesis that X admits no degree 2 morphism to P 1 or to a curve of genus one. Their argument immediately gives the stronger result, as has been noted by several authors, e.g. [Ro02, Thm. 8] . Note that the result relies on an extraordinarily deep theorem of Faltings classifying k-rational points on subvarieties of abelian varieties [Fa94] .
1 uses the strongest condition (L1) to get Hasse Principle violations over k.
To prove Theorem 10 it suffices to establish that m loc (X D ) ≤ 2 (and thus clearly m loc (X D ) = 2 since X D (R) = ∅). This is [Cl09, Thm. 8a]. We want to emphasize that the local analysis from [St14] needed to show that X D satisfies (L1) lies considerably deeper. Thus it is our perspective that Theorem 1, which gives Hasse Principle violations over Q, is a deeper result than Theorem 10, which gives Hasse Principle violations over quadratic fields.
It is natural to ask whether (L1), (L2) and (L3) may in fact be equivalent. Notice that (X/ι)(k) = ∅ implies (L1), so a counterexample to (L2) =⇒ (L1) would yield a curve (X/ι) /k which violates the Hasse Principle. Whether such counterexamples exist we leave as an open question. These kinds of Hasse Principle violations seem to lie deeper still than Hasse Principle violations on quadratic twists of (X, ι) over k. In the case of Shimura curves X D we know that (X D /w D )(A k ) = ∅, and suitable CM points on X D induce Q-points on X D /w D . But we may choose D so that no class number one imaginary quadratic field splits the associated quaternion algebra B/Q, and then the folk wisdom is that we ought to have (X D /w D )(Q) = ∅ for "most" such D (perhaps all but finitely many). This is a close analogue of the problem of determining all Q-points on X 0 (N )/w N , and both are wide open. It seems striking that we can establish Hasse Principle violations on Shimura curves using a kind of descent via the map X D → X D /w D without knowing whether X D /w D has any Q-points.
